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1. INTRODUCTION
Consider the compressible Euler equations with frictional damping in
Lagrangian coordinates,
{vt&ux=0,ut+ p(v)x=&ku, (1.1)
where u is the velocity, v>0 is the specific volume, p is the pressure and
k>0 is the frictional coefficient. (1.1) can be used to describe the com-
pressible isentropic flow through porous media. For simplicity, we consider
the polytropic gas, i.e., p(v)=Av&#, where 1<#<3, A>0 are constants.
This model can be derived from the one-dimensional NavierStokes
equations for compressible fluid from statistical consideration and sim-
plification of the complicated microscopic flow picture (see [13]).
When the initial data of system (1.1) are sufficiently smooth and the
derivatives of initial data are sufficiently small, it is expected that the damp-
ing mechanism will prevent the formation of the shock wave. This is
proved in [6], and the large time behavior of the smooth solution is also
studied there with a new wave phenomena, diffusive wave. The global exist-
ence of the smooth solutions with spherical symmetry is established in [14]
for smooth and small initial data. On the other hand, the solutions in
general develop singularity. Therefore, it is quite natural to study the weak
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solution of (1.1) with discontinuities. The first step for this problem could
be to understand the structure of the solution of the Riemann problem,
which is analyzed in [8] and [9]. For the homogeneous system corre-
sponding to (1.1), i.e.,
{vt&ux=0,ut+ p(v)x=0, (1.2)
the structure of the solutions for Riemann problem is well known(see [1]).
It was shown that the solutions can be resolved into elementary waves, i.e.,
shock waves and rarefaction waves with self similar structure.
Compared with the homogeneous system, the structure of solutions for
the Riemann problem of (1.1) is more complicated since there is no self-
similar solution in the form of (v(xt), u(xt)) due to the inhomogeneity.
Nevertheless, the Riemann problem of (1.1) can also be resolved in other
kinds of elementary wave as shown in [8] and [9]. To understand the
properties, for example, behavior and regularity, of the general weak solu-
tions for (1.1) with general initial data, it is important to study the interac-
tion of the elementary waves. The interaction of elementary waves for (1.2)
is well understood (see [1] for instance). But there are few results concern-
ing this subject for the system (1.1), due to the fact that the inhomogeneity
always distorts the wave patterns and their interactions. In this paper, we
will study the effects of inhomogeneous term on wave interaction by using
the fact that damping is a dissipative mechanism.
Let us consider (1.1) with the initial data
(vl , ul), &<x<a,
(v(x, 0), u(x, 0))={(vm , um), a<x<b, (1.3)(vr , ur) b<x<+.
In Section 3, we consider the case when (vl , ul) and (vm , um) are connected
by 2-shock S2 and (vm , um) and (vr , ur) are connected by 1-rarefaction
wave R1 , i.e., we study the interaction of S2 and R1 . For this case, we will
resolve the solution of (1.1) and (1.3) into piecewise smooth solutions and
give the estimates on the change of strength of the waves after the interac-
tion. It is shown in Section 3 that there are two effects on the change of the
shock strength after interaction with rarefaction waves: one is the damping
mechanism, which leads to the exponential decay of the shock strength
with respect to time; another one is the nonlinear superposition of the
waves. In Section 3, we also give the exponential decay estimates of the
shock strength and the discontinuities of the derivatives of the solutions,
which indicate that damping has the effect of smoothing. These estimates
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enable us to show that the solution of the (1.1) and (1.3) time-asymptoti-
cally approaches the nonlinear diffusive wave of the following diffusion
equation
{
vt=&
1
k
p(v)xx ,
u=&
1
k
p(v)x .
(1.4)
Equation (1.4) can be reduced from (1.1) by Darcy’s law. The time
asymptotic equivalence of (1.1) and (1.4) have been shown in [6] for the
smooth solution of (1.1) and in [7] for the Riemann solution with only
one shock.
After a complete estimation of interaction of S2 and R1 , we give the
framework to study the interaction of S2 and S1 in Section 4 and the inter-
action of the shocks in the same family in Section 5. In Section 6, we use
a modified Glimm’s scheme to study the Cauchy problem of (1.1) with
some kinds of special initial data which contain the interaction of R2 and
R1 , R2 interacts S2 .
2. PRELIMINARY
From now on, we take A=1 in (1.1) for convenience. The characteristic
speeds are *1=&#12v&(#+1)2 and *2=#12v&(#+1)2 for the 1-family and
2-family respectively.
Introduce Riemann invariants
{w=u&m(v),z=u+m(v), (2.1)
where m(v)=(2 - #(#&1)) v(1&#)2. The system (1.1) becomes
{
wt+*1wx=&
k
2
(w+z),
zt+*2 zx=&
k
2
(w+z),
(2.2)
wherever the solution is smooth.
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A discontinuity x=x1 (t) is called a 1-shock if the following
RankineHugoniot condition
{
dx1 (t)
dt
=&&p(v+)& p(v&)v+&v&
(2.3)u+&u&=&x* 1(t)(v+&v&),
p(v+)& p(v&)=x* 1(t)(u+&u&)
and entropy condition
v+(t)<v&(t) (2.4)
hold, where
(v&(t), u&(t))=(v, u)(x1(t)&0, t), (v+(t), u+(t))=(v, u)(x1(t)+0, t).
Correspondingly, a discontinuity x=x2 (t) is called a 2-shock if the follow-
ing RankineHugoniot condition and entropy condition hold
{
dx2 (t)
dt
=&&p(v+)& p(v&)v+&v&
(2.5)u+&u&=&x* 2 (t)(v+&v&),
p(v+)& p(v&)=x* 2(t)(u+&u&)
and
v+(t)>v&(t), (2.6)
where
(v&(t), u&(t))=(v, u)(x2 (t)&0, t), (v+(t), u+(t))=(v, u)(x2 (t)+0, t).
Let R be an angular domain, i.e.,
R=[(x, t) | t0tT, a(t)xb(t)]
with a(t0)=b( 0)=x0 , and !&=a* (t0)<!+=b4 (t0). A function 3=(v, u)
given on R is called a i th (i=1, 2) centered rarefaction wave with center
at (x0 , t0) if the following properties (1)(3) are satisfied. Without loss of
generality, let (x0 , t0)=(0, 0).
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(1) Let ’=xt and
3(’, t)={3(t’, t),lim
{  0
3({’, {)
as t>0,
as t=0,
S(T )={(’, t) } 0tT, a(t)t ’
b(t)
t
,
as 0<tT, !&’!+ as t=0= .
Then 3(’, t) # C1(S(T )), and on the interval !&’!+ , (d3(’, 0)d’)
ri (3(’, 0), where ri is the i th right eigenvector;
(2) (v, u)(x, t)=3(xt, t) satisfies the system (1.1) on R(T )&[(0, 0)].
(3) Both boundaries x=a(t) and x=b(t) of R(T ) are i th charac-
teristic curves through (0, 0), i.e.,
a* (t)=*i (v(t, a(t))), b4 (t)=* i (v(t, b(t))), t # [0, T].
Using the notation
d&
dt
=

t
+*1

x
,
d+
dt
=

t
+*2

x
,
(2.2) becomes
{
d&w
dt
=&
k
2
(w+z),
d+z
dt
=&
k
2
(w+z).
(2.7)
For any shock x=x(t), we have
&[u]2=&[ p(v)][v], x* (t)[v]=&[u]. (2.8)
Hereafter, we use [ } ] to denote the jump of a function crossing the discon-
tinuity, e.g. [u]=u(x(t)+, t)&u(x(t)&, t).
Differentiating the first equation in (2.8) with respect to t along the
shock, we have
3x* (t)([wx]+[zx])+3x* (t)([*2wx]&[*2zx])
+x* (t)3 [wx *2]&x* (t)3 [zx *2]+[*22 wx]+[*
2
2 zx]
=4x* (t) k[u], (2.9)
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where we use ux=(wx+zx)2 and vx=(zx&wx)(2m$(v))=(wx&zx)(2*2).
Some rearrangement yields
1
*+2
[wx](x* (t)+*+2 )
3&
1
*+2
[zx](x* (t)&*+2 )
3
&
[*2]
*+2 *
&
2
x* (t)(x* (t)2&*+2 *
&
2 ) w
&
x +
[*2]
*+2 *
&
2
x* (t)(x* (t)2&*+2 *
&
2 ) z
&
x
+[*2](2x* (t)+(*+2 +*
&
2 )) w

x[*2](2x* (t)&(*
+
2 +*
&
2 )) z
&
x
=4x* (t) k[u], (2.10)
or
1
*&2
[wx](x* (t)+*&2 )
3&
1
*&2
[zx](x* (t)&*&2 )
3
&
[*2]
*+2 *
&
2
x* (t)(x* (t)2&*+2 *
&
2 ) w
+
x +
[*2]
*+2 *
&
2
x* (t)(x* (t)2&*+2 *
&
2 ) z
+
x
+[*2](2x* (t)+(*+2 +*
&
2 )) w
+
x &[*](2x* (t)&(*
+
2 +*
&
2 )) z
+
x
=4x* (t) k[u], (2.11)
where *\2 =*2 (x(t)\, t), w
\
x =wx(x(t)\, t) and z
\
x =zx(x(t)\, t).
In the following, we let k=1 for convenience.
Let
f =#14
#+1
4
v(#&3)4, g=
4#14
3&#
v(3&#)4, _=
#&1
#+1
,
W=*122 wx+
1
2
g, Z=*122 zx+
1
2
g.
Then it is easy to verify
{
d&W
dt
=&f \W&g2+ (W&_g),
d+Z
dt
=&f \Z&g2+ (Z&_g),
(2.12)
whenever (w, z) is smooth and satisfies (2.2).
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Along 1-shock x=x1 (t), if (v+ , u+)=(v, u)(x1 (t)+, t), (v& , u&)=
(v, u)(x1(t)&, t) satisfy (2.1) respectively, then
&2 - # (1+(&#v&1&#+ [v]+[ p])(&4#[ p][v])&12 v&(1+#)2+ )
d[v]
[v] dt
=2v (#+1)2+ - &[ p][v]&2(- # v&(#+1)2+
&- &[ p][v])[v]&1 wx(x1(t)+, t)
+(- # v&(#+1)2& +- &[ p][v])(&[v (1+#)2]
+- &(#[v][ p]4)[v]&1 } zx((x1(t)&, t)
&(&- # v&(#+1)2& +- &[ p][v])(v (1+#)2& +v (1+#)2+
&- &(#[v][ p]4)[v]&1 } wx((x1(t)&, t), (2.13)
where [J]=J(x1 (t)+, t)&J(x1(t)&, t) for any function J.
Along a 2-shock x=x2(t), if (v+ , u+)(t)=(v, u)(x2(t)+, t), (v& , u&)(t)
=(v, u)(x2 (t)&, t) satisfy (2.1) respectively, then
&2 - # (1+(#v&1&#& [v]+[&p])(&4#[ p][v])&12 v&(1+#)2& )
d[v]
[v] dt
=2v (#+1)2& - &[ p][v]+2(- # v&(#+1)2&
&- &[ p][v])[v]&1 zx(x2(t)&, t)
&(- # v&(#+1)2+ +- &[ p][v])([v(1+#)2]
+- &(#[v][ p]4)[v]&1 } wx((x1(t)+, t)
+(&- # v&(#+1)2+ +- &[ p][v])(v (1+#)2& +v (1+#)2+
&- &(#[v][ p]4)[v]&1 } zx((x2 (t)+, t), (2.14)
where [J]=J(x2(t)+, t)&J(x2(t)&, t) for any function J.
The above relations can be obtained from (2.3), (2.5), (2.10) and (2.11).
Introducing the new variables
W =wx+
2v
3&#
, Z =zx+
2v
3&#
, (2.15)
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we can obtain the following estimates from (2.10), (2.11) and (2.13). Along
a 1-shock x=x1(t), we have, if |v+(t)&v&(t)| is small and v+(t) and v&(t)
have uniform positive lower and upper bounds with respect to t, then
(1&O(1) |v+&v&| ) Z (x1(t)&, t)
&O(1) |v+&v&|2 ( |W (x1(t)+, t)|+|W (x1(t)&, t)| )
Z (x1 (t)+, t)
(1&O(1) |v+&v&| ) Z (x1 (t)&, t)
+O(1) |v+&v&|2 ( |W (x1 (t)+, t)|+|W (x1(t)&, t)| ), (2.16)
and
a$2+b$2(t) wx (x1(t)+, t)&c$2 (t) zx (x1 (t)&, t)+d $2 (t) wx (x1 (t)&, t)
&
1
v&(t)&v+(t)
}
d(v&(t)&v+(t))
dt
a$1+b$1 (t) wx (x1 (t)+, t)&c$1 (t) zx (x1 (t)&, t)
+d $1 (t) wx (x1 (t)&, t), (2.17)
where a$i (i=1, 2), are positive constants, and b$1 , c$1 , d $1 have the positive
lower and upper bounds uniformly with respect to t. Hereafter O(1)
denotes a generic positive constant.
Similarly, along 2-shock x=x2(t), if |v+(t)&v&(t)| is small and v+(t)
and v&(t) have uniform positive lower and upper bound with respect to t,
then
(1&O(1) |v+&v&| ) W (x2 (t)+, t)
&O(1) |v+&v&|2 ( |Z (x2(t)+, t)|+|Z (x2 (t)&, t)| )
W (x2 (t)&, t)
(1&O(1) |v+&v&| ) W (x2 (t)+, t)
+O(1) |v+&v&|2 ( |Z (x1 (t)+, t)|+|Z (x1 (t)&, t)| ), (2.18)
and
a2+b2 (t) zx(x2 (t)&, t)&c2 (t) wx (x2 (t)+, t)+d2 (t) zx (x2(t)+, t)
&
1
v+(t)&v&(t)
}
d(v+(t)&v&(t))
dt
a1+b1 (t) zx (x2 (t)&, t)&c1(t) wx(x2 (t)+, t)+d1 (t) zx (x2 (t)+, t),
(2.19)
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where ai (i=1, 2) are positive constants and b1 ,c1 , d1 have the positive
lower and upper bounds uniformly with respect to t.
Now, we consider the smooth solution of (1.1) in the following region
R(x0 , t0 , T )=[(x, t) | x1 (t)xx2 (t), t0tT]
with x1 (t0)=x2 (t0)=x0 , where x1 (t) is a 1-characteristic or 1-shock, while
x2(t) is a 2-characteristic or 2-shock. In the following Lemma, we will give
some a priori estimates for later use.
Lemma 2.1. Suppose (v, u) is a smooth solution in R(x0 , t0 , T ) with
v>0. For any (x, t) # R(x0 , t0 , T ), let y({)=x1(x, t, {) be the 1-charac-
teristic issuing from (x, t) for {t which intersects the boundary x2 at the
point (x2(;), ;), and y({)=x2(x, t, {) be the 2-characteristic issuing from
(x, t) for {t which intersects the boundary x1 at the point (x1(:), :). Then
W(x, t)max[W(x2 (;), ;), 12 max
;{t
g(x1(x, t, {), {)]. (2.20)
Moreover,
W(x, t)min[W(x2 (;), ;), 12 min
;{t
g(x1 (x, t, {), {)], (2.21)
if min[W(x2 (;), ;),12 min;{t g(x1(x, t, {), {)]_ max;{t g(x1(x,
t, {), {); similarly
Z(x, t)max[Z(x1 (:), :), 12 max
:{t
g(x2 (x, t, {), {)]. (2.22)
Furthermore,
Z(x, t)min[Z(x1(:), :), 12 min
:{t
g(x2(x, t, {), {)], (2.23)
if min[Z(x2(:), :), 12 min:{t g(x1(x, t, {), {)]_ max:{t g(x1(x,
t, {), {).
Proof. Noting that 12>_=(#&1)(#+1) for 1<#<3, the lemma
follows by applying the comparison principle of ordinary differential equa-
tions to (2.12). K
Consider the smooth solutions in the following regions
Q1 (x0 , t0 , T)=[(x, t) | x1 (t)xx~ 1 (t), t0tT]
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with x1 (t0)=x~ 1 (t0)=x0 , where x1 (t) and x~ 1 (t) are the 1-characteristics,
and
Q2 (x0 , t0 , T)=[(x, t) | x~ 2 (t)xx2 (t), t0tT]
with x~ 2 (t0)=x2 (t0)=x0 , where x~ 2 (t) and x~ 2 (t) are 2-characteristics.
Similar to Lemma 2.1, we also have following lemma for solutions in these
regions.
Lemma 2.2. (1) Suppose (v, u) is a smooth solution of (1.1) with v>0
in the region either Q1 (x0 , t0 , T ) or Q2 (x0 , t0 , T ). For any (x, t) # Q1 (x0 ,
t0 , T ), let y({)=x1 (x, t, {) be the 1-characteristic issuing from (x, t) for
{t, and y({)=x2 (x, t, {) be the 2-characteristic issuing from (x, t) for {t
which intersects the boundary x1 at the point (x1 (:), :). Then
W(x, t)max[W(x1 (x, t, {0), {0), 12 max
{0{t
g(x1 (x, t, {), {)], (2.24)
for any {0t. Moreover,
W(x, t)min[W(x1 (x, t, {0), {0), 12 min
{0{t
g(x1 (x, t, {), {)] (2.25)
if
min[W(x1 (x, t, {0), {0), 12 min
{0{t
g(x1 (x, t, {), {)]_ max
{0{t
g(x1 (x, t, {), {)].
Z(x, t)max[Z(x1 (:), :), 12 max
:{t
g(x2 (x, t, {), {)]. (2.26)
Furthermore,
Z(x, t)min[Z(x1 (:), :), 12 min
:{t
g(x2 (x, t, {), {)] (2.27)
if min[Z(x2 (:), :), 12 min:{t g(x1 (x, t, {), {)]]_ max;{t g(x1 (x,
t, {), {)].
(2) For any (x, t) # Q2 (x0 , t0 , T), let y({)=x1 (x, t, {) be the
1-characteristic issuing from (x, t) for {t which intersects the boundary
x2 (t) at the point (x2 (;), ;), and y({)=x2 (x, t, {) be the 2-characteristic
issuing from (x, t) for {t. Then
W(x, t)max[W(x2 (;), ;), 12 max
;{t
g(x1 (x, t, {), {)]. (2.28)
W(x, t)min[W(x2 (;), ;), 12 min
;{t
g(x1 (x, t, {), {)] (2.29)
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if
min[W(x2 (;), ;), 12 min
;{t
g(x1 (x, t, {), {)]_ max
;{t
g(x1 (x, t, {), {)].
Z(x, t)max[Z(x2 (x, t, {0), {0), 12 max
{0{t
g(x2 (x, t, {), {)] (2.30)
Also
Z(x, t)min[Z(x2 (x, t, {0), {0), 12 min
{0{t
g(x2 (x, t, {), {)] (2.31)
if min[Z(x2 (x, t, {0), {0), 12 min{0{t g(x2 (x, t, {), {)]_ max{0{t g(x1
(x, t, {), {)].
3. INTERACTION OF S2 AND R1
3.1. The Structure of the Solutions
In this section, we study the interaction of S2 and R1 . We consider the
states in (1.3) having the following relations: (vl , ul) and (vm , um) are con-
nected by S2 and (vm , um) and (vr , ur) are connected by R1 in the phase
plane. In this case, we have vl<vm<vr . According the result in [9], we
know that if the states (vl , ul), (vm , um) and (vr , ur) are close enough, then
the Riemann problems [(vl , ul), (vm , um)] and [(vm , um), (vr , ur)] can be
resolved as follows. Issuing from (a, 0), there is a 1-characteristic x=x~ 1 (t)
and a 2-shock x=x2 (t). Issuing from (b, 0), there is a 2-characteristic
x=x~ 2 (t), and a 1-centered rarefaction wave with the boundary x=x1 (t)
and x=x 1 (t) (x 1 (t)>x1 (t) for t>0), and (v, u)(x, t)=(vl , u le&t) as
xx~ 1 (t), t>0, (v, u)(x, t)=(vr , ure&t) as xx~ 2 (t), t>0. We will show
later that wx is discontinuous along the 1-characteristic x=x~ 1 (t) and zx is
discontinuous along the 2-characteristic x=x~ 2 (t). This is different from the
case that of the Euler equations without damping, i.e., k=0 in (1.1). Since
the 2-shock x=x2 (t) has positive speed, and the 1-characteristic x=x1 (t)
has negative speed, they must intersect in a finite time. Suppose that they
intersect at the point (x0 , t0). Then (v, u)(x, t)=(vm , ume&t) as x2 (t)x
x1 (t), 0tt0 . The solution (v, u) is smooth in the regions [(x, t) | x~ 1 (t)
xx2 (t), 0tt0], [(x, t) | x1 (t)xx 1 (t), 0tt0] and [(x, t) |
x 1 (t)xx~ 2 (t), 0tt0]. Let (v1 , u1)=limx  x0&(v(x, t0), u(x,t0)) and
(v2 , u2)=limx  x0+(v(x, t0), u(x, t0))=(vm , ume
&t). Then (v1 , u1) is con-
nected to (v2 , u2) by a 2-shock in the phase plane. Also, (v, u)(x, t0) is
smooth as x~ 1 (t0)xx0 and x0xx 1 (t0). Thus, the local existence
results [10] show that there exist a time t0+$0 such that there is a
2-shock, we still label it as x=x2 (t), and a 1-characteristic (still labeled as
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x=x1 (t)) issuing from (x0 , t0) as t0tt0+$0 . Furthermore the solution
is smooth in the region [(x, t) | x1 (t)xx2 (t), t0tt0+$0]. Now we
have a free boundary problem in the region [(x, t) | x1 (t)xx2 (t), t0
tT] for some T>t0 with the free boundaries x=x1 (t) (1-characteristic)
and x=x2 (t) (2-shock). If we can get a uniform C1 estimate of (u, v) in
this region, then we can continue the solution by the local existence result
(see [10]) and show that the 2-shock x=x2 (t) can across the 1-rarefaction
wave. Suppose that the 2-shock can across the 1-rarefaction wave com-
pletely, then we denote the intersection point of x=x2 (t) and x=x 1 (t) by
(x1 , t1), we draw a 1-characteristic, still denoted x=x1 (t) from (x1 , t1) as
tt1 . Just as the case at (x0 , t0), there is a 2-shock issuing from (x1 , t1)
at least locally. We will show later that it exists globally in time. There are
two possibilities for x=x2 (t) and x=x~ 2 (t):
Case 1. x2 (t) and x~ 2 (t) intersect in a finite time, denoted by t2 ;
Case 2. x2 (t) and x~ 2 (t) do not intersect in any finite time.
In the case of k=0 in (1.1), Case 1 always happens. But in the case of
k>0, the shock speed x* 2 (t) is not constant as tt1 , and decreases with
respect to time as we will indicate later. It seems that whether the Cases 1
or 2 happens depends on b&a and the strengths of shock wave and
rarefaction wave. We discuss Case 1 and Case 2 respectively. For Case 1,
we formulate a free boundary problem with the free boundaries x=x^1 (t)
and x=x2 (t) with x^1 (t2)=x2 (t2), where x=x^1 (t) is a 1-characteristic and
x=x2 (t) is a 2-shock. As we will show later, this structure is a global struc-
ture if vr&vl is small. We will prove that wx is discontinuous along the
1-characteristic x=x^1 (t). This discontinuity comes from the discontinuity
of zx along x=x~ 2 (t) as we will indicate. Thus, for Case 1, we may divide
the whole upper half (x, t) plane into the following regions,
P1=[(x, t) | &<xx~ 1 (t), 0<t<+];
P2=[(x, t) | x~ 1 (t)xx2 (t), 0tt0 , x~ 1 (t)xx1 (t), t0t<+];
P3=[(x, t) | x2 (t)xx1 (t), 0tt0];
P4=[(x, t) | x1 (t)xx2 (t), t0tt1 , x1 (t)xx 1 (t), t1t<+];
P$4=[(x, t) | x1 (t)xx 1 (t), 0tt1 , x2 (t)xx 1 (t), t0tt1];
P5=[(x, t) | x 1 (t)xx2 (t), t1t<t2 , x 1 (t)xx^1 (t), tt2];
P6=[(x, t) | x 1 (t)xx~ 2 (t), 0tt1 , x2 (t)xx~ 2 (t), t1tt2];
P7=[(x, t) | x~ 2 (t)x<+, 0t<t2 , x2 (t)x<+, tt2];
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FIGURE 1
and
P8=[(x, t) | x^1 (t)xx2 (t), tt2].
Moreover we have
(v, u)(x, t)=(vl , ule&t) as (x, t) # P1 ; (3.1)
(v, u)(x, t)=(vm , ume&t) as (x, t) # P3 ; (3.2)
(v, u)(x, t)=(vr , ure&t) as (x, t) # P7 . (3.3)
It is known from [8] and [9] that (v, u) is C1-smooth in P2 , P$4 and P6 .
Thus, if we can get the C1 uniform estimate in P4 and P5 and P8 , the struc-
ture of the solution of (1.1) and (1.3) is clear, i.e. the solution is C1-smooth
in Ri (i=1, 2, ..., P8) (see Fig. 1).
For the Case 2, the situation is much simpler. In this case, we may divide
the whole (x, t) plane as the union of Ri (i=1, 2, ..., 7), with Ri
(i=1, 2, 3, 4) and P4 $ as those in Case 1, but P5 , P6 and P7 are defined as
follows,
P5=[(x, t) | x 1 (t)xx2 (t), t1t<+];
P6=[(x, t) | x 1 (t)xx~ 2 (t), 0tt1 , x2 (t)xx~ 2 (t), t1t<+];
P7=[(x, t) | x~ 2 (t)x<+, 0t<+].
Also (3.1)(3.3) are still true.
In the following, we only discuss the Case 1 without loss of generality.
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In P4 , the solution is determined by the values of (v, u) on x=x1 (t)
(tt0) and x=x2 (t) (t0tt1). In P5 , the solution is determined by the
values of (v, u) on x=x 1 (t) (tt1) and x=x2 (t) (t1tt2). The informa-
tion on x=x1 (t) (tt0), x=x2 (t) (t0tt1) and x=x2 (t) (t1tt2)
can be obtained from that in P2 , P$4 and P6 . We give these estimates first.
Lemma 3.1. If |vr&v l | is small, we have
(1) For any (x, t) # P2 ,
vlv(x, t)<vm ; (3.4)
*122 (vl)
2v l
3&#
*122 (v) \zx+ 2v3&#+ (x, t)*122 (vm)
2vm
3&#
; (3.5)
and
&O(1) |vm&vl |wxO(1) |vm&v l |. (3.6)
Along x=x~ 1 (t), we have
zx (x~ 1 (t)+, t)=0, |wx(x~ 1 (t)+, t)|O(1) |wx (x~ 1 (0)+, 0)| e&a1t, (3.7)
where a1>0 is a constant.
Along x=x2 (t), 0tt0 , it holds that
(vm&vl) e&a2tvm&v(x2 (t)&, t)(vm&v l) e&a3 t, (3.8)
where a2 and a3 are positive constants.
(2) For any (x, t) # P$4 , it holds that
vmv(x, t)vr . (3.9)
For any (x, t) # P$4 , if we draw a 1-characteristic x=x1 (x, t, {) for {t,
then for any {0 # (0, t), we have
0<wx (x, t)wx (x1 (x, t, {0), {0)+
2
3&#
(vr&vm), (3.10)
and
&
2
3&#
(vr&vm)zx(x, t)<0, (3.11)
for (x, t) # P$4&[(x1 (t), t) | 0tt1]. Moreover,
zx (x1 (t), t)=0, 0tt1 (3.12)
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Proof. It is easy to show that zx (x~ 1 (t)\, t)=d&(v(x~ 1 (t)\, t)dt for
t0. On the other hand, v(x~ 1 (t)&, t)=vl , then zx(x~ 1 (t)+, t)=0 (t0).
In fact, (3.4)(3.6) and (3.8) were shown in [8] in the case that (vl , ul)
and (vm , um) are connected by S1 ((vl , ul), (v0 , u0)) and S2 ((v0 , u0),
(vm , um)) for an intermediate state (v0 , u0). However, their argument is
based on the fact that v(x, t)  v0 as t  0 for (x, t) # P2 and vl<v0<vm
(this is their assumption). In our case, v(x, t)  vl as t  0 for (x, t) # P2 .
Therefore, it is necessary to prove (3.4)(3.6) and (3.8) in the present
situation. In fact, for T>0, let PT=P2 & [0tT], if we assume that
osc(x, t) # pT v(x, t)=: sup(x, t) # PT v(x, t)&inf(x, t) # PT v(x, t) is small, then we
have, by using Lemma 2.1, (2.16), (2.18) and the fact zx(x~ 1 (t)+, t)=0, as
shown in [8], that for any (x, t) # PT , we have the following (I)(III):
(I)
2
3&#
min[*2 (vl)12 vl , min
:{t
*2 (v)12 v(x2 (x, t, {)]
*2 (v)12 \zx+ 2v3&#+ (x, t)

2
3&#
max[*2 (vl)12 vl , max
:{t
*2 (v)12 v(x2 (x, t, {), {],
holds for (x, t) # PT , where x2 (x, t, {) is the 2-characteristic issuing form
(x, t) for {t which intersects x~ 1 at (x~ 1 (:), :);
(II)
2
3&#
min[*2(vm)12 vm&O(1) |vm&vl |, min
;{t
*2(v)12 v(x1(x, t, {)]
*2 (v)12 \wx+ 2v3&#+ (x, t)

2
3&#
max[*2 (vm)12 vm+O(1) |vm&vl |, max
;{t
*2 (v)12 v(x1(x, t, {), {],
holds for (x, t) # PT , where x1 (x, t, {) is the 1-characteristic issuing form
(x, t) for {t which intersects x=x2 (t) at (x2 (;), ;);
(III) (3.8) is true for 0tT, and then vl<v(x2 (t)&, t)<vm as
0<tT. Now we prove (3.4) for (x, t) # PT . Suppose max(x, t) # PT v is
attained at (x , t ). We observe that
d&v
dt
=zx=zx+
2v
3&#
&
2v
3&#
. (3.13)
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Thus
v(x, t)=e&2(t&;)(3&#)v(x2(;)&, ;)
+|
t
;
e&2(t&s)(3&#) \zx+ 2v3&#+ (x1 (x, t, s), s) ds, (3.14)
where x1 (x, t, s) is the 1-characteristic issuing from (x, t) for st which
intersects the 2-shock x2 at (x2 (;), ;). In view of (I), it is easy to verify that
*122 (v) \zx+ 2v3&#+ (x, t)
2
3&#
max[*122 (v(x , t )) v(x , t ), *
12
2 (vl) vl],
for (x, t) # PT . On the other hand, we have v(x , t )>vl from (III) and the
definition of (x , t ). Therefore,
\zx+ 2v3&#+ (x, t)
2v(x , t )
3&#
, (3.15)
(3.14) and (3.15) imply
v(x , t )e&2(t &;)(3&#)v(x2 (;)&, ;)+v(x , t )(1&e&2(t
 &;)(3&#)), (3.16)
which implies v(x , t )v(x2 (;), ;). Thus the maximum value of v in PT
must achieved at the (x2 (t)&, t) for 0tT (and then v<vm follows
from (III)) if oscPT v is small. Suppose that the minimal value of v in PT
is achieved at (x~ , t~ ). In view of (I), we have
*122 (v) \zx+ 2v3&#+ (x, t)
2
3&#
min[*122 (v(x~ , t~ )) v(x~ , t~ ), *
12
2 (vl) vl].
If v(x~ , t~ )<vl , by the argument used for the maximum value case, (3.14)
and the above inequality show that v(x~ , t~ )min0tT v(x2 (t)&, t). But it
follows from (III) that min0tT v(x2 (t)&, t)vl . Thus we have v(x~ , t~ )
vl . Then we have proved (3.4) is ture in PT . (I), (II) and (3.4) imply that
(3.5) and (3.6) in PT . From the above argument and the local existence
result in [10], we can prove (3.4)(3.6) and (3.8) hold for the whole region
P2 by the standard continuation argument if vm&vl is small.
The first part of (3.7) has been shown at the beginning of the proof. We
prove the second part as follows. Let .=*122 wx , =*
12
2 zx , it is easy to
check
d&.
dt
=&f.2&
1
2
(.+). (3.17)
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Since (x~ 1 (t)+, t)=0 for t0, thus
.(x~ 1 (t)+, t)=.(x~ 1 (0)+, 0) exp \|
t
0
(&12& f.)(x~ 1 (s)+, s) ds+ . (3.18)
On the other hand, (3.6) implies . is small if |vm&v l | is small. Therefore,
there exists a1>0 such that &12& f,&a1 , which implies (3.7).
(2) follows from the same argument as in [9]. K
Now we give the estimate in the region P4 .
Theorem 3.2. If |vr&v l | is suitably small, then for any (x, t) # P4 , we
have
v(x, t)<vr ; (3.19)
v(x, t)vl&O(1) |vr&vm | |vm&vl |; (3.20)
|zx(x, t)|O(1) |vr&vl |; (3.21)
and
|wx (x, t)|exp(&k3 (t&:)) |wx (x2 (:)&, :)|+O(1) |vr&vl |; (3.22)
where k3>0 is a positive constant, (x2 (:)&, :) is the intersection point of
the shock x2 and the 1-characteristic issuing from the point (x, t). Moreover,
along the shock x=x2 (t), it holds that
(vm&vl) exp(&K1 t)(v+(t)&v&(t))
(vm&vl) exp(O(1) |vr&vm | ) exp(&K2 t), (3.23)
for t0tt1 , where :1 , K1 and K2 are positive constants, v+(t)=
v(x2 (t)+, t) and v&(t)=v(x2 (t)&, t). Furthermore u(x, t) is uniformly
bounded.
Remark 1. (3.23) shows the change of the shock strength after the
interaction. Noting that
(vm&vl) exp(O(1) |vr&vm | )=(vm&vl)+O(1)(vm&vl)(vr&vm).
Proof. We prove the estimates listed in Theorem 3.1 under the follow-
ing a priori assumptions:
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1. oscP4 v is small;
2. entropy condition
v&(t)<v+(t)
holds along x=x2 (t), t0tt1 ;
3. the shock strength |v+(t)&v&(t)| is small.
If we can prove the estimates listed in Theorem 3.1 under the assump-
tions 1, 2 and 3, then the local existence results in [10] enable us to
continue the solution in whole region P4 and show the estimates in
Theorem 3.1 hold in P4 .
At first, we have
zx (x1 (t)+, t)=zx (x1 (t)&, t)=d&vdt, tt0 . (3.24)
Thus, (3.4) and (3.5) imply
|zx (x1 (t)+, t)|
2
3&#
(vm&vl). (3.25)
For any (x, t) # P4 , we draw a 2-characteristic x=x2 (x, t, {) for {t,
which intersects x=x1 at (x1 (:), :). Thus, (2.22) implies
Z(x, t)max[Z(x1 (:), :), 12 max
:{t
g(x2 (x, t, {), {)]. (3.26)
On the other hand, if osc v is small, we have
1
2 min
:{t
g(x2 (x, t, {), {)_ max
:{t
g(x2 (x, t, {), {).
Moreover, (3.25) implies,
Z(x1 (:)+, :)_ max
:{t
g(x2 (x, t, {), {), (3.27)
if |vm&vl | and osc v are small enough. Thus, we get
min[Z(x1 (:)+, :), 12 min
:{t
g(x2 (x, t, {), {)]
Z(x, t)
max[Z(x1 (:)+, :), 12 max
:{t
g(x2 (x, t, {), {)], (3.28)
if osc v and |vm&vl | are small.
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Along the shock x=x2 (t), t0tt1 , it follows from (2.18) and (3.28)
that
(1&O(1) |v+&v& | ) W (x2 (t)+, t)&O(1) |v+&v& |2
W (x2 (t)&, t)
(1&O(1) |v+&v& | ) W (x2 (t)+, t)+O(1) |v+&v& | 2, (3.29)
where v+=v(x2 (t)+, t), v&=v(x2 (t)&, t).
On the other hand, since wx(x, t)0 for (x, t) # P$4 from (2) of Lemma
3.1, then
W (x2 (t)+, t)
2v+(t)
3&#
.
Therefore,
W (x2 (t)&, t)(1&O(1) |v+&v& | )
2v+(t)
3&#
&O(1) |v+&v& |2. (3.30)
Thus, it follows from the entropy condition that
W(x2 (t)&, t)=*122 (x2 (t)&, t) W (x2 (t)&, t)
*122 (x2 (t)+, t) W (x2 (t)&, t)
(1&O(1) |v+&v& | ) 12 g(x2 (t)+, t), (3.31)
for t0tt1 . Therefore, if osc v and |v+&v& | are small, we have
W(x2 (;)&, ;)_ max
;{t
g(x1 (x, t, {), {).
Hence, (2.20) and (2.26) imply
min[W(x2 (;)&, ;), 12 min
;{t
g(x1 (x, t, {), {)]
W(x, t)
max[W(x2 (;)&, ;), 12 max
;{t
g(x1 (x, t, {), {)], (3.32)
for any (x, t) # P4 .
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According to the estimates (3.11) and (3.28), we know that |zx (x2 (t)+, t)|
and |zx(x2 (t)&, t)| are small for t0tt1 . Integrating (2.19) with respect
to t yields
(v+(t0)&v&(t0)) exp(&k1 (t&t0)) exp \c1 |
t
t0
wx (x2 (s)+, s+ ds
v+(t)&v&(t)
(v+(t0)&v&(t0)) exp (&k2 (t&t0)) exp \c2 |
t
t0
wx(x2 (s)+, s+ ds,
(3.33)
where ki (i=1, 2) and ci (i=1, 2) are positive constants.
We estimate  tt0 wx(x2 (s)+, s) ds as follows. Since
vt+*2vx=wx ,
along the shock x=x2 (t), we have
wx(x2 (t)+, t)=
dv(x2 (t)+, t)
dt
+(*2 (x2 (t)+, t)&x* 2 (t)) vx(x2 (t)+, t).
(3.34)
Since vx=(wx&zx )(2*2 ), it follows from (3.10) and (3.11) that
vx(x2 (t)+, t)>0 as t0tt1 . On the other hand, the entropy condition
implies *2 (x2 (t)+, t)&x* 2 (t)<0 as long as t0tt1 . Therefore, we have
from (3.34) and (3.9) that
|
t
t0
wx(x2 (s)+, s) ds|vr&vm |. (3.35)
Therefore, (3.23) follows from (3.33) and (3.35) if |vr&v l | is small.
We turn to the proof of (3.19) and (3.20). For any T>t0 , suppose
max(x, t) # P4 , t0tT v(x, t) is attained at (x~ , t~ ). We draw a 1-characteristic
x=x1 (x~ , t~ , {) for {t~ , which intersects the shock x=x2 at (x2 (;), ;).
Along x=x1 (x~ , t~ , {), we have d&vd{=zx , i.e.
d&vd{=*&122 Z&
2v
3&#
. (3.36)
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Thus, (3.28) and (3.5) imply
e2t~ (3&#)v(x~ , t~ )
e2;(3&#)v(x2 (;)&, ;)+|
t~
;
e2s(3&#)(*&122 (v) Z)(x1 (x~ , t~ , s) ds
e2;(3&#)v(x2 (;)&, ;)
+|
t~
;
e2s(3&#) ds(*&122 (v(x~ , t~ )) max {*122 (vm) 2vm3&# , *122 (v(x~ , t~ ))
2v(x~ , t~ )
3&# =
=e2;(3&#)v(x2 (;)&, ;)
+max[*&122 (v(x~ , t~ )) *
12
2 (vm) vm , v(x~ , t~ )](e
2t~ (3&#)&e2;(3&#)). (3.37)
If v(x~ , t~ )*&122 (v(x~ , t~ )) *
12
2 (vm) vm , then
v(x~ , t~ )vm . (3.38)
If v(x~ , t~ )*&122 (v(x~ , t~ )) *
12
2 (vm) vm , then (3.37) implies
v(x~ , t~ )v(x2 (;)&, ;). (3.39)
Thus, (3.38) and (3.39) imply
max
P4 , t0tT
vmax[vm , max
t0;t1
v(x2 (;)&, ;)] (3.40)
Along x=x2 (t)(t0tt1), it reads from (3.33) that
0<v+(t)&v&(t)(vm&v l)+O(1) |vr&vm | |vm&vl |, (3.41)
and vmv+(t)vr , which together with (3.40) imply (3.19).
Just as (3.40), we have,
min
P4 , t0tT
vmin[vl , min
t0;t1
v(x2 (;)&, ;)]. (3.42)
(3.20) follows from (3.41) and (3.42).
To prove (3.22), for any (x, t) # P4 , we draw a 1-characteristic from
(x, t), which intersects the shock x=x2 at (x2 (:), :). Then a similar argu-
ment as in (3.17)(3.18) yields (3.22). K
To get the estimates in P5 , we need the estimates in P6 , which are given
in the following lemma.
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Lemma 3.2. For any (x, t) # P6 , it holds that
vmv(x, t)vr ; (3.43)
|wx(x, t)|
2
3&#
(vr&vm), |zx(x, t)|
2
3&#
(vr&vm). (3.44)
Moreover, |u(x, t)| is uniformly bounded.
The proof of this lemma can be found in [8] and [9].
Since the solution in P5 is determined by the information on x=x 1 (t)
and x=x2 (t), then the estimates in P4 and P6 enable us to have the follow-
ing theorem.
Theorem 3.2. If |vr&v l | is suitably small, then for any (x, t) # P5 , we
have
sup
(x, t) # P5
v(x, t)& inf
(x, t) # P5
v(x, t)
|vr&vm |+|vm&vl |+O(1) |vr&vm | |vm&vl |; (3.45)
inf
(x, t) # P4
v(x, t)vl&O(1) |vr&v l |; (3.46)
|zx(x, t)|O(1) |vr&v l |, |wx(x, t)|O(1) |vr&vl |; (3.47)
Moreover, along the shock x=x2 (t), (3.23) holds for t0tt1 . Also, u(x, t)
is uniformly bounded.
Proof. The proof this theorem is similar to that for Theorem 3.2.
At first, we make the a priori assumptions 1, 2 and 3 as in the proof of
Theorem 3.2. Under these assumptions, we show that (3.45)(3.48) are
true, then the a priori assumptions can be verified by the standard con-
tinuation argument.
The only difference between the proof of Theorem 3.2 and Theorem 3.4.
is (3.47). In fact, by the same argument as in the proof of Theorem 3.2, one
can easily show that |zx | is small in P6 . Thus, we can verify (2.20) and
(2.26) are true for any (x, t) # P6 under the condition
W(x2 (;)&, ;)_ max
;{t
g(x1 (x, t, {), {), (3.48)
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for ;t1 . The meaning of x1 (x, t, {) and x2 (;)&, ;) are the same as that
in (2.20) and (2.26). We can verify (3.48) as following. By virtue of (2.19),
(3.43) and (3.44), we get
W (x2 (t)&, t)(1&O(1) |v+&v& | )
2v+
3&#
&O(1)( |v+&v& |+|vm&vl | )

2v&
3&#
&O(1)( |v+&v& |+|vm&vl | ). (3.49)
Since 12>_, (3.48) can be verified when |v+&v& |+ |vm&vl | and oscP6 v
are sufficiently small.
The left of this theorem can be proved just as in the proof for
Theorem 3.1. K
Now we claim x1 (t) and x~ 1 (t) do not intersect in any finite time. In fact,
let Y1 (t)=x1 (t)&x~ 1 (t), then
dY1 (t)
dt
=*1 (x1 (t))&*1 (x~ 1 (t))
inf *1xY(t). (3.50)
Since *1x is uniformly bounded, our claim follows. The same argument
shows that x1 (t) and x 1 (t) do not intersect in any finite time.
Now we show that wx is discontinuous along x=x~ 1 (t) and zx is discon-
tinuous along x=x~ 2 (t). These phenomena are different from that of the
Euler equations without damping.
Theorem 3.3. wx is discontinuous along x=x~ 1 (t) and zx is discontinuous
along x=x~ 2 (t). Also these discontinuities decay exponentially with respect to
time t, i.e.,
0<wx (x~ 1 (t)+, t)&wx (x~ 1 (t)&, t)O(1) |vm&vl | exp(&ct), (3.51)
&O(1) |vm&vl | exp(&ct)zx(x~ 2 (t)+, t)&zx (x~ 2 (t)&, t)<0, (3.52)
for the positive constant c>0.
Proof. At first, we show that
wx (x~ 1 (0)+, 0){0. (3.53)
In fact, as we have shown,
zx (x~ 1 (t)+, t)=zx (x~ 1 (t)&, t). (3.54)
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Especially,
zx (x~ 1 (0)+, 0)=zx (x~ 1 (0)&, 0). (3.55)
For any point (x2 (t)&, t) (0<tt0), we draw a 2-characteristic
x2 (x2 (t)&, t, {) for {t according to Lax shock condition. Suppose this
characteristic intersects x=x~ 1 (t) at (x~ 1 (:), :). Since along the 2-charac-
teristic x2 (x2 (t)&, t, {), it holds that
d+
d{
=&f2&
1
2
(,+), (3.56)
where ,=*122 wx , =*
12
2 zx . Therefore,
(x2 (t)&, t)&(x~ 1 (:), :)=|
t
:
(&f2& 12 (,+))(x2 (t)&, t, s) ds. (3.57)
Let t  0, then :  0. Since , and  are uniform bounded, (3.55) and
(3.58) implies
(x2 (0)&, 0)=(x~ 1 (0)+, 0)=0, (3.58)
i.e.,
zx (x2 (0)&, 0)=0. (3.59)
In (2.11), we let t  0, then
wx (x2 (0)+, 0)&wx (x2 (0)&, 0)=O(1)[u]<0, (3.60)
due to the fact [u]<0 along 2-shock. Since wx (x2 (0)+, 0)=0, we have
wx (x2 (0)&, 0)=&O(1)[u]=O(1)(vm&vl)>0. (3.61)
Because wx is continuous in P2 , (3.62) implies
wx (x~ 1 (0)+, 0)=wx (x2 (0)&, 0)=O(1) |vm&vl |. (3.62)
Thus, it follows from (3.18) that
0<wx (x~ 1 (t)+, t)&wx (x~ 1 (t)&, t)O(1) |vm&vl | exp(&ct). (3.63)
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In view of zx (x 1 (t)+, t)=zx (x 1 (t)&, t), it follows from (3.11) that
&(2(3&#))zx (x 1 (t)+, t)<0. We have shown that zx is continuous in
P6 . Hence
&
2
3&#
zx (x~ 2 (0)&, 0)=zx (x 1 (0)+, 0)<0. (3.64)
The same argument as that for (3.51) yields (3.52). K
Suppose the shock x=x2 (t) intersects the 2-characteristic x=x~ 2 (t) at
the point (x2 (t2), t2), using a similar argument as before, we can formulate
a free boundary problem with the free boundaries: a 2-shock x=x2 (t) and
a 1-characteristic x=x^1 (t). As we will show later, wx is discontinuous
along the 1-characteristic x=x^1 (t). This structure of the solutions is at
least local in time as shown above (see [10]). We will give the following
C1 a priori estimates to show that this structure indeed is global.
The solution in P8 is determined by the information along x=x^(t)+,
and x=x2 (t)&. On the other hand, we know that zx (x^1 (t)+, t)=
zx (x^1 (t)&, t), the estimate of zx in P5 gives us the information of zx along
x=x^1 (t)+. With this information, we obtain the estimate of zx in P8 .
Since along the shock x=x2 (t), (2.15) holds, this gives us the relation of
zx and wx along x=x2 (t)&, which together with the estimate of zx gives
the estimate of wx in P8 . The same argument as in the proof of Theorem
3.1 yields the following theorem.
Theorem 3.4. If |vr&vl | is suitably small, then the solution (v, u) #
C1(P8). Also for any (x, t) # P8 , we have
vr>v(x, t)vl&O(1) |vr&vm | |vm&vl |; (3.65)
|zx(x, t)|O(1) |vr&v l |, |wx(x, t)|O(1) |vr&vl |; (3.66)
Moreover, along the shock x=x2 (t), (3.23) holds for tt2 . And u(x, t) is
uniformly bounded.
At last, we show that wx is discontinuous along x=x^1 (t) and give some
decay estimates of the jump of the derivatives along x=x^1 (t) and
x=x2 (t).
Theorem 3.5. wx is discontinuous along the 1-characteristic x=x^1 (t).
And we have the following decay estimate
|wx (x^1 (t)+, t)&wx (x^1 (t)&, t)|O(1) |vr&vl | e&ct. (3.67)
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Along the shock x=x2 (t), it holds that
|wx (x2 (t)&, t)|=|wx (x2 (t)+, t)&wx (x2 (t)&, t)|O(1) |vr&vl | e&ct,
(3.68)
and
|zx (x2 (t)&, t)|=|zx (x2 (t)+, t)&zx (x2 (t)&, t)|O(1) |vr&vl | e&ct,
(3.69)
Proof. Let
[w2x]=wx (x2 (t2)+, t2+)&wx (x2 (t2)&, t2+),
[w1x]=wx (x2 (t2)+, t2&)&wx (x2 (t2)&, t2&),
[z2x]=zx (x2 (t2)+, t2+)&zx (x2 (t2)&, t2+),
and
[z1x]=zx (x2 (t2)+, t2&)&zx (x2 (t2)&, t2&).
Since
zx(x2 (t2)&, t2+)=zx(x2 (t2)&, t2&),
wx(x2 (t2)+, t2+)=wx(x2 (t2)+, t2&),
[*2 (x2 (t2), t2+)]=[*2 (x2 (t2), t2&)]=: [*2],
*2 (x2 (t2)+, t2+)=*2 (x2 (t2)+, t2&)=: *+2
and
*2 (x2 (t2)&, t2+)=*2 (x2 (t2)&, t2&)=: *&2 .
Hence, it follows from (2.11) that
1
*&2
(x* 2 (t)+*+2 )
3 ([w2x]&[w
1
x])&
1
*&2
(x* 2 (t)&*+2 )
3 ([z2x]&[z
1
x])
+\ [*2]*+2 *&2 x* 2 (t2)(x* (t)2&*+2 *&2 )&[*2](2x* 2 (t2)&(*+2 +*&2 ))+
_(zx(x2 (t2)+, t2+)&zx(x2 (t2)+, t2&)=0 (3.70)
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On the other hand, since wx(x2 (t2)+, t2+)=wx(x2 (t2)+, t2&) and
zx(x2 (t2)&, t2+)=zx(x2 (t2)&, t2&), we have
[w2x]&[w
1
x]=wx(x2 (t2)&, t2+)&wx(x2 (t2)&, t2&)
=wx(x^1 (t2)+, t2)&wx(x^1 (t2)&, t2&), (3.71)
[z2x]&[z
1
x]=zx(x2 (t2)+, t2)&zx(x2 (t2)+, t2&)
=zx(x~ 2 (t2)+, t2)&zx(x~ 2 (t2)&, t2). (3.72)
Because zx(x~ 2 (t2)+, t2)&zx(x~ 2 (t2)&, t2){0 in view of of (3.52), we get
from (3.70)(3.72) that
wx(x^1 (t2)+, t2)&wx(x^1 (t2)&, t2){0. (3.73)
Let ,=*122 wx , =*
12
2 zx . Along x=x^1 (t), we have
d
dt
,(x^1 (t)+, t)=\& f,2&12 (,+))(x^1 (t)+, t+ ,
and
d
dt
,(x^1 (t)&, t)=\& f } ,2&12 (,+))(x^1 (t)&, t+ .
Since (x^1 (t)&, t)=(x^1 (t)+, t), we get
d
dt
[,]=&( f } (,(x^1 (t)+, t)+,(x^1 (t)&, t))[,]&
1
2
[,], (3.74)
where [,]=,(x^1 (t)+, t)&,(x^1 (t)&, t). Therefore
[,](t)=exp \&|
t
t2
l(s) ds+ } [,](t2), (3.75)
where l(s)= f } (,(x^1 (t)+, t)+,(x^1 (t)&, t)+ 12 . Since l is uniform bounded,
thus [,](t){0 because [,](t2){0 due to (3.73). This shows that wx is
discontinuous along x=x^1 (t). The decay estimate (3.67) follows from
(3.75) because l(s)c>0 for a positive constant c since wx is small. (3.68)
follows from (2.11) since the shock strength along x2 (t) is exponentially
decay. We now turn to the proof of (3.69). It is easy to verify that, along
x=x2 (t),
d
dt
(x2 (t)&, t)=&\ f+12+ &
1
2
,+(x* 2 (t)&*2) x . (3.76)
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f+ 12>
1
4 if  is small, and this smallness follows from the smallness of
vr&vl due to (3.65). On the other hand, |x* 2 (t)&*2 |O(1) |vr&vl |
exp(&ct) for c>0 along x=x2 (t). Thus (3.69) follows if we can show that
along shock x is bounded, i.e. zxx(x2 (t)&, t) is uniformly bounded. This
can be proved by the following argument. In fact, along any 1-charac-
teristic x=x1 (t), we have zx(x1 (t)+, t)=zx(x1 (t)&, t). Differentiating
this relation with respect to t along x=x1 (t), we get
(zxt+*1zxx)(x1 (t)+, t)=(zxt+*1zxx)(x1 (t)&, t). (3.77)
On the other hand, we have
zt+*2zx=&
k
2
(w+z).
Differentiate it with respect to x, we get
zxt+*2zxx+*2xzx=&
k
2
(wx+zx).
Thus
(zxt+*2zxx)(x1(t)+, t)
=(zxt+*2zxx)(x1(t)&, t)&[*2x zx]&
k
2
([wx]+[zx]) (3.78)
Comparing (3.78) with (3.77), we get
(*2&*1) zxx(x1(t)+, t)
=(*2&*1) zxx(x1(t)&, t)&[*2x zx]&
k
2
([wx]+[zx]). (3.79)
Now we prove zxx is bounded in P2 . At first, from the estimates obtained
so far, we know that zxx(x~ 1(t)+, t) is uniformly bounded. Differentiating
(2.12)2 with respect to x, we arrive at
(Zx)$&
(#+1)
4
v&1 } v$ } Zx+
(#+1)
4
v&1zxZx
= f1(x, t)& f \2Z&(3#&1)2(#+1) g+ Zx+ f2(x, t), (3.80)
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where $=: d+dt, fi (i=1, 2) are bounded function according to the
estimates obtained so far. Multiply (3.80) with v&(#+1)4 then, we get
(v&(#+1)4Zx)$
=&{ f \2z&(3#&1)2(#+1) g++
(#+1)
4
v&1zx= } (v&(#+1)4 } Zx)+ f3(x, t),
(3.81)
where
f3(x, t)=v&(#+1)4( f1(x, t)+ f2(x, t)).
Let
b= f \2Z&(3#&1)2(#+1) g++
(#+1)
4
} v&1zx ,
By the definition of Z, f and g, it is easy to see that
b(x, t)=
1
2
+
3(#+1)
4
(v&1zx)(x, t),
It follows from (3.5) that |zx | is small if |vr&vl | is small. This implies that
b(x, t) 14 ,
provided |vr&vl | is suitably small. The above estimate shows that Zx is
bounded, i.e. zxx is bounded in P2 . Repeating the above procedure, we
know that zxx is bounded in P4 , P5 and P8 . K
Since the derivatives of the solution between x^1(t) and x 1(t) are uniform
bounded, x^1(t) does not intersect x 1(t) in any finite time. Thus the struc-
ture of the solution is clear.
3.2. Convergence to the Diffusive Wave
This section is devoted to the study of large time behavior of solution
(v, u) of (1.1) and (1.3) constructed in Subsection 3.1. We will prove that
(v, u) will approach the solution of the diffusive equation (1.4) as the time
tends to +. We just present the result for the Case 2 mentioned in
Subsection 3.1, the Case 1 can be handled similarly.
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It is known (see [4]) that there exists a unique similarity solution v*(’),
’=x- t+1, satisfying v*(&)=vl and v*(+)=vr for the equation
(1.4), namely v*(’) satisfies
& p(v*(’))’’+
k
2
’v’*=0,
(3.82)
v*(&)=vl , v*(+)=vr .
Moreover, it has been shown that v’*(’)>0 for ’ # R1 if vl<vr , which
implies
vl<v*(’)<vr . (3.83)
The following estimates on v*(’)=v*(x- t+1) are needed in our analysis
(see [6] for details)
Lemma 3.3. For the similarity solution v*(’), ’=x- t+1, we have
|v*’’’(’)|+|v*’’(’)|+|v’*(’)|+sup
’0
|v*(’)&vr |+sup
’0
|v*(’)&vl |
C |vr&v& | e&C’
2
; (3.84)
|
+
&
|vx*(x, t)| 2 dxC(vr&vl)2 (t+1)&12;
|

&
[|vt*(x, t)|2+|v*xx(x, t)|
2] dxC(vr&vl)2 (t+1)&32;
|

&
|v*xt(x, t)|
2 dxC(vr&vl)2 (t+1)&52;
|

&
|v*xxt(x, t)|
2 dxC(vr&vl)2 (t+1)&72;
|

&
|v*xtt(x, t)|
2 dxC(vr&vl)2 (t+1)&92
where v*(x, t)=v*(x- t+1).
By our analysis in Subsection 3.1, we can choose a time T1t2 such that
the following statements 13 hold
1. vx , ux are small in P2 , P4 , P5 and P8 as tT1 ;
2. The jumps of vx and ux along x~ 1(t), x1(t), x 1(t), x^1(t) and x2(t)
decay exponentially with respect to t;
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3. The shock strength along x=x2(t) decays exponentially with
respect to time, i.e.,
|v(x2(t)+, t)&v(x2(t)&, t)=|vr&v(x2(t)&, t)|O(1) e&ct, (3.85)
for tT1 .
Remark 2. In fact, by the same argument as in Subsection 3.1, one can
easily show that the jumps of vxx and uxx along x~ 1(t), x1(t), x 1(t), x^1(t) and
x2(t) decay exponentially with respect to t.
Take any smooth function m0(x) with
supp m0(x)/(x~ 1(T1), x2(T1)), (3.86)
|
x2(T1)
x~ 1(T1)
m0(x)=1. (3.87)
Define
&($, t)=\u(x2(t)&, t)&u* \x2(t)+$- t+1 +++\u* \
x~ 1(t)+$
- t+1 +&ule&t+
+\v(x2(t)&, t)&v* \x2(t)+$- t+1 ++ x* 2(t)
+\v* \x~ 1(t)+$- t+1 +&vl+ x~* 1(t), (3.88)
where u*((x+$)- t+1)=&( p(v*((x+$)- t+1)))x .
It can be shown that F($)=: &+T1 &($, t) dt is well defined for $ # R. In
fact, (3.85) and Lemma 3.1 yield, due to x2(t)=O(1) t, that
}u(x2(t)&0, t)&u* \x2(t)+$- t+1 + }C($) e&;1 t, t0, (3.89)
for some positive constant ;1>0 and C($)>0, depending only on $.
Similarly,
} v(x2(t)&0, t)&v* \x2(t)+$- t+1 + }
|v(x2(t)&0, t)&vr |+ } v* \x2(t)+$- t+1 +&vr }
C($) e&;2t, t0, for some ;2>0; (3.90)
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}u* \x1(t)+$- t+1 +&u&e&t }
C($) e&;3 t, t0, for some ;3>0; (3.91)
} v* \x1(t)+$- t+1 +&v& }
C($) e&;4 t, t0, for some ;4>0. (3.92)
From (3.89)(3.92), we know that F($) is well defined for $ # R1.
Let
G($)=|
x2(T1)
x~ 1(T1) _v(x, T1)&v* \
x+$
- T1+1+& dx&F($)
It can be verified, by using the facts v=vl in P1 , v=vr in P7 and statement
3, and the facts v*(&)=vl , v*(+)=vr , vl<vr and u*(\)=0, that
lim
$  &
G($)=+ and lim
$  +
G($)=&,
Furthermore, a careful calculation shows that G($) is a monotone function
of $ if T1 is chosen large enough. Thus, there exists a unique $ # R such
that
G($ )=0. (3.93)
Let
m(x, t)=m0(x) h(t) for any (x, t) # 03=: [x~ 1(t)x<x2(t), tT1],
where
h(t)=&|
+
t
&($ , !) d!.
And set
V(x, t)=v(x, t)&v* \ x+$

- t+1+&m(x, t),
U(x, t)=u(x, t)&u* \ x+$

- t+1+&|
x
&
mt (!, t) d!,
where (x, t) # 03 .
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Thus, (1.1) implies that
Vt=Ux ,
Ut+[ p(v*+m+V )& p(v*)]x+U& p(v*)xt
=&[ht(t)+htt(t)] |
x
&
m0(!) d!, (3.94)
as long as v and u are smooth.
Introduce
Y(x, t)=|
x
x~ 1(t)
V(!, t) d!, (x, t) # 03 .
Then
Yx(x, t)=V(x, t)
and
Yt(x, t)=U(x, t)&U(x~ 1(t), t)&V(x~ 1(t), t) x~* 1(t)
Define %(t)=: U(x~ 1(t), t)+V(x~ 1(t), t) x~* 1(t). It turns out
Ytt+[ p(v*+m+Yx)& p(v*)]x+Yt& p(v*)xt
=&(ht(t)+htt(t)) |
x
&
m0(!) d!+(%t(t)&%(t)), (3.95)
holds in the region where v and u are smooth.
Denote the right-hand side of (3.95) by 4(x, t), namely
4(x, t)=: &(ht(t)+htt(t)) |
x
&
m0(!) d!+(%t(t)&%(t)).
In view of Statement 2, Lemma 3.1, and (3.85), it can be shown that
|4(x, t)|+|4t(x, t)|+|4x(x, t)|Ce&;5 t, ;5>0.
Denote Y(x2(t)&, t) by Y (t). We claim that
Y (t)#0 for tT1 .
In fact, it follows from (3.85) and (3.94) that
Y (T1)=0. (3.96)
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Furthermore, due to the choice of $ , it can be shown that
dY (t)
dt
=0, tT1 .
The main result in the present section is the following theorem
Theorem 3.6. For the solution (u, v) of (1.1), (1.2) constructed in the
Subsection 3.1, it holds that
sup
x # R
[ |u(x, t)&u*(x+$ , t)|+|v(x, t)&v*(x+$ , t)|]
C(1+t)&12, tT1 , (3.97)
where v*(x+$ , t)=v*((x+$ )- t+1), u*(x+$ , t)=&p(v*(x+$ , t))x .
Proof. Since x~ 1(t)=&O(1) t and x2(t)=O(1) t, thus it follows from
(3.85) in Lemma 3.3 that
sup
x>x2(t)
|v*(x+$ , t)&v(x, t)|C |vr&vl | e&C((O(1) t+t

0)- t+1)
2
C(1+t)&12, (3.98)
for tT1 . Similarly,
sup
x>x2(t)
|u(x, t)&u*(x+x 0 , t)|
+ sup
xx1(t)
[ |v(x, t)&v*(x+$ , t)|+|u(x, t)&u*(x+$ , t)|]
C(1+t)&12, (3.99)
for tT1 . Thus, to prove (3.98) it is sufficient to show that
sup
x~ 1(t)<x<x2(t)
[ |u(x, t)&u*(x+$ , t)|+|v(x, t)&v*(x+$ , t)|]C(1+t)&12,
(3.100)
for tT1 . By virtue of the fact
|h(t)|Ce&;6t, for some positive constant ;6>0,
we only need to show that
sup
x~ 1(t)<x<x2(t)
[|Yx(x, t)|+|Yt(x, t)|]C(1+t)&12, tT1 . (3.101)
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Based on the Statement 13, using the same energy method in the region
[(x, t) | x~ 1(t)<x<x2(t), tT1] to the equation (3.95) as in [7] for the
Riemann problem of (1.1), we can arrive at
|
x2(t)
x~ 1(t)
(Y 2tt+Y
2
xt+Y
2
xx)(x, t) dx+|
t
T1
|
x2({)
x~ 1({)
(Y 2tt+Y
2
xt)(x, {) dxd{C.
(3.102)
In fact, we can carry out the above mentioned energy method in P2 , P4 ,
P5 and P8 respectively. The jumps of vx and ux along x1(t), x 1(t) and x^1(t)
appear when we use the integration by parts. These terms can be handled
thanks to the Statement 13. Equation (3.101) can be proved by using the
property of v* as in [7]. K
Remark 3. Better decay rate can be obtained as for the smooth solu-
tion of Cauchy problem, cf. [14]. But it is not our concern in this paper.
4. INTERACTION OF S2 AND S1
In this section, we study the interaction of S2 and S1 . We consider the
states in (1.3) with the following relations: (vl , ul) and (vm , um) are connec-
ted by S2 and (vm , um) and (vr , ur) are connected by S1 in the phase plane.
It is known from the result in [8] that if the states (vl , ul), (vm , um) and
(vr , ur) are closed enough, then the Riemann problems [(v l , u l), (vm , um)]
and [(vm , um), (vr , ur)] are resolved as follows. Issuing from (a, 0), there is
a 1-characteristic x=x~ 1(t) and a 2-shock x=x2(t). Issuing from (b, 0),
there is a 2-characteristic x=x~ 2(t) and a 1-shock x=x2(t), and (v, u)(x, t)
=(vl , ule&t) as xx~ 1(t), t>0, (v, u)(x, t)=(vr , ure&t) as xx~ 2(t), t>0.
As the analysis in Section 3, wx is discontinuous along 1-characteristic
x=x~ 1(t) and zx is discontinuous along 2-characteristic x=x~ 2(t). Suppose
these two shocks intersect at the point (x0 , t0). Then (v, u)(x, t)=
(vm , ume&t) as x2(t)xx1(t), 0tt0 . similar to the argument in
Section 3, we know that an 1-shock (still denoted as x=x1(t)) and a
2-shock (still denoted as x=x2(t)) issuing from (x0 , t0). Using the argu-
ment in Section 3 and in [8], we can show that wx and zx are small
between x1(t) and x2(t) as tt0 , and these two shocks survive all the time,
but decay exponentially with respect to time. We do not know whether
x2(t) and x~ 2(t) intersect at finite time or not. If they don’t intersect at any
finite time, the structure of the solution is quite simple. If they intersect at
a finite time, say, at (x1 , t1), then a 1-characteristic issues from (x1 , t1),
along which wx is discontinuous. If this 1-characteristic intersects the
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FIGURE 2
1-shock x=x1(t), then along the 2-characteristic issuing from this intersect
point, zx is discontinuous. This procedure can be repeated. If x=x~ 1(t)
intersects the 1-shock x=x1(t), the above phenomena can occur similarly
(see Fig. 2). For any case, we can get the following conclusion according to
the above analysis and the approach in Section 3.
1. The shock strengths decay exponentially with respect to time;
2. The discontinuities of wx and zx decay exponentially with respect
to time;
3. wx and zx are small.
The above properties of the solution ensure that the solution will
approach to a diffusive wave of (1.4) as the time tends to infinity, by an
argument similar to that in Section 3.
5. INTERACTION OF SHOCKS IN THE SAME FAMILY
In this section, we consider the states in (1.3) having the following rela-
tions: (vl , ul) and (vm , um) are connected by S2 , also (vm , um) and (vr , ur)
are connected by S2 in the phase plane. It is known from the result in [8]
that if the states (vl , ul), (vm , um) and (vr , ur) are closed enough, issuing
from (a, 0), there is a 1-characteristic x=x~ 1(t) and a 2-shock x=x2(t).
Issuing from (b, 0), there is a 1-characteristic x=x 1(t) and a 2-shock
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x=x 2(t), and (v, u)(x, t)=(vl , ule&t) as xx~ 1(t), 0<t<+, (v, u)(x, t)
=(vr , ure&t) as xx~ 2(t), t>0. As the analysis in Section 3, wx is discon-
tinuous along the 1-characteristic x=x~ 1(t) and x=x 1(t). Suppose x=x2(t)
and x=x 1(t) intersect at the point (x0 , t0). Then (v, u)(x, t)=(vm , ume&t)
as x2(t)xx1(t), 0tt0 . similar to the argument in section 3, we can
formulate a free boundary problem with the free boundaries: a 2-shock,
still denoted by x=x2(t) as tt0 and a 1-characteristic, still labeled as
x=x 1(t) as tt0 . Using the argument in Section 3, we can show that wx
and zx are small between x 1(t) and x2(t) as tt0 , and this shock survives
until it intersects another 2-shock x=x 2(t). We do not know whether x2(t)
and x~ 2(t) intersect at finite time or not. If they don’t intersect at any finite
time, the structure of the solution is quite simple. If they intersect at a finite
time, say, at (x2(t1), t1), then by the result in [10], a 1-centered rarefaction
wave issues from (x2(t1), t1), while a 2-shock issues from this point.
By the argument in [9] and our argument in Section 3, we can show this
structure is a global structure if the initial shocks are weak (see Fig. 3).
Similarly, the large time behavior is a diffusive wave of (1.4).
The case of a rarefaction wave interacts another one of the same family
is quite simple. In fact, we can show, by the argument in Section 3 that, the
derivatives of the solution between two rarefaction waves are uniformly
bounded. Thus, just as the analysis in Section 3, we can show that the
boundaries of two rarefaction waves do not intersect in any finite time,
which implies that the two rarefaction waves do not interact each other.
Remark 4. The case of interaction of shock wave and rarefaction wave in
the same family is more complicated. And it is being pursued by the authors.
FIGURE 3
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6. CAUCHY PROBLEM WITH SOME KINDS OF INITIAL DATA
In this section, we consider the Cauchy problem of (1.1) with the initial
data
v(x, 0)=v0(x), u(x, 0)=u0(x), &<x<+. (6.1)
Cauchy problem (1.1) and (6.1) was considered in [2] under the follow-
ing restriction (u0(+), v0(+))=(u0(&), v0(&)). This restriction
makes it possible to get an L1 estimate, which plays a key role when one
transforms the system (1.1) in the complete dissipative framework as in [3]
(see [2] and [3] for details). However, the initial data which we treat here
do not meet this restriction.
We will consider the cases which contain the interaction of R2 and R1 ,
a shock interacts another one in the same family, a 2-rarefaction wave
interacts a 2-shock.
We assume that the initial data satisfy the following condition
v0(x1)v0(x2), z0(x1)z0(x2), (6.2)
for any x1x2 , and
$<v0(x)M, |u0(x)|M, (6.3)
where z0 is the corresponding Riemann invariant introduced in Section 2
and $ and M are positive constants. This kind of initial data only contains
the following interactions:
1. interaction of a 2-shock and a 1-rarefaction wave;
2. a 2-shock interacting with another 2-shock;
3. a 1-rarefaction wave interacting another 1-rarefaction wave.
We use the following modified Glimm’s scheme introduced in [3] to
solve this problem in the BV framework.
For any equidistributed sequence of random number :0 , :1 , ... , :n , ... in
(&1, 1). We selected a space mesh-length l and a time mesh-length h
satisfying 0<h<1k and the following CFL condition
lh>max
x # R1
*2(v0(x)). (6.4)
After partitioning the upper half of the (x, t) plane into strips Tn=
[(x, t) : &<x<+, nht<(n+1) h], n=0, 1, 2, ..., we initiate the
construction of (ul, vl) by
(ul(x, 0&), vl(x, 0&))=(u0(x), v0(x)). (6.5)
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Assuming that (ul, vl) has already been determined on n&1j=0 Tj , we extend
(ul, vl) to Tn as the admissible solution of the Cauchy problem
vt&ux=0,
(6.6)
ut+ p(v)x=0,
with the initial data at t=nh as
ul(x, nh)=(1&kh) ul((m+:n) l, nh&),
(6.7)
vl(x, h)=vl((m+:n) l, nh&),
for (m&1) l<x<(m+1) l, m+n odd.
In fact, due to (6.2), any Riemann problems in T0 can be resolved into
a 1-rarefaction wave R1 and S2 . The following Lemma implies that in any
Tn , the Riemann solutions have the same structure as in T1 .
Lemma 6.1. If (vl , ul) and (vm , um) are connected by R1 and S2 , while
(vm , um) and (vr , ur) are also connected by R1 and S2 , then (vl , (1&kh) ul)
and (vr , (1&kh) ur) are connected by R1 and S2 if 0<h<1k.
Note that here we include waves of zero strengths in our discussion.
Proof. At first, we know there exists a unique state (v , u ) such that
(vl , ul) and (v , u ) are connected by R1 , (v , u ) and (vr , ur) are connected by
S2 (see [11]). Therefore, we have
vlv vr , z(vl , ul)=z(v , u ), (6.8)
ulu , uru . (6.9)
It follows from (6.8) and (6.9) that
z((1&kh) ur , vr)=(1&kh) ur+m(vr)
(1&kh) u +m(v )
=z(v , u )&khu
=z(vl , ul)&khu
z(vl , ul)&khul
=z((1&kh) ul , vl), (6.10)
where m(v)=(2 - #(#&1)) v(1&#)2. This completes the proof. K
By the above lemma, we know that every Riemann solution in any Tn
is a 1-rarefaction wave R1 and a 2-shock S2 . Since v is increasing along R1
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and S2 in phase plane (see [11]), then we know that for any l, the total
variation of vl, ul is uniformly bounded. So, according to the result of the
consistency of the scheme in [3], we arrive at
Theorem 6.1. Suppose the initial data (v0 , u0) satisfy (6.2) and (6.3),
then there exists a subsequence of [(vl, ul)] which converges to an entropy
solution (v(x, t), u(x, t)) a.e. in R1_R+ of the Cauchy problem (1.1) and
(6.1). Also T.V.(v(x, } ), u(x, } ))CT.V.(v0(x), u0(x)).
We have also the following result which contains the following interac-
tions as the special cases:
(1) interaction of 2-rarefaction wave and 1-rarefaction wave.
(2) a 2-rarefaction wave interacting a 2-shock.
Theorem 6.2. If there is no 2-shock on the left of 1-shock in every Tn
(n=0, 1, 2, ...) in the approximate solutions constructed as above, then
T.V.vl( } , t)+T.V.ul( } , t)C(T.V.vl( } , 0)+T.V.ul( } , 0)), (6.11)
for any t>0, if T.V.vl( } , 0)+T.V.ul( } , 0) is small, where C is a constant
independent of t and l.
Proof. We use the absolute value of the variation of m(v)=(z&w)2,
|2m(v)|, to measure the strength of a wave. In this case, we can show that
the total strength of waves is in fact not increasing with respect to t. As
usual in Glimm’s scheme, we choose two J-curves J2 and J1 , where J2 is
an immediate successor of J1 , the definition of J-curve can be found in [5].
Then there is a diamond between these two J-curves. So the difference of
the total wave strengths between these two J-curves is just the difference of
strength of the outgoing waves and those of the incoming waves in the
diamond. The outgoing waves come from the interaction of incoming
waves. In the following lemma, we will show that the summation of wave
strengths of the outgoing waves is not greater than that of incoming waves
if there is no interaction of 2-shock and 1-shock in every Tn .
For any two states (v& , u&) and (v+ , u+), we use L((v& , u&), (v+ , v&))
to denote the total wave strengths of the Riemann problem of (6.6) with
the left state (v& , u&) and right state (v+ , u+).
Lemma 6.2. For the three states (vl , ul), (vm , um) and (vr , ur) with positive vl ,
vm and vr , if L((vl , ul), (um , vm))+L((vm , um), (ur , vr)) is small, then
L(vl , (1&kh) ul), (vr , (1&kh) ur)
L((vl , ul), (um , vm))+L((vm , um), (ur , vr)), (6.12)
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except the case when there is a 2-shock S2 in the Riemann solution
((vl , ul), (vm , um)) and a 1-shock S1 in the Riemann solution ((vm , um),
(vr , ur)) simultaneously.
Proof of Lemma 6.2. We will only verify (6.12) for the case when there
is only one wave in the Riemann solutions ((vl , ul), (vm , um)) and ((vm , um),
(vr , ur)). The other cases can be handled similarly. Therefore, we consider
the following cases
1. (vl , ul) and (vm , um) are connected by S2 , (vm , um) and (vr , ur) are
connected by R1 ;
2. (vl , ul) and (vm , um) are connected by S2 , (vm , um) and (vr , ur) are
also connected by S2 ;
3. (vl , ul) and (vm , um) are connected by R2 , (vm , um) and (vr , ur) are
also connected by R2 ;
4. (vl , ul) and (vm , um) are connected by R2 , (vm , um) and (vr , ur) are
also connected by R1 ;
5. (vl , ul) and (vm , um) are connected by R2 , (vm , um) and (vr , ur) are
connected by S2 ;
6. (vl , ul) and (vm , um) are connected by S2 , (vm , um) and (vr , ur) are
connected by R2 .
In fact, in the Cases 1, 2 and 3, (6.12) can be verified the same as the
proof of Theorem 6.1. So we only need to prove (6.12) in the Cases 4, 5
and 6. In Case 4, if L((vl , ul), (um , vm))+L((vm , um) is small, then there
exist a unique state (v , u ) such that (ul , vl) and (v , u ) are connected by R1
and (v , u ) and (ur , vr) are connected by R2 (see [11]), also it is easily to
verify, according to the property of the rarefaction curves in (w, z) plane
(see [11]), that,
L((ul , vl), (ur , vr))=L((ul , vl), (um , vm))+L((um , vm), (ur , vr)). (6.13)
In this case, v vl , v vr and u lu ur . Thus ((1&kh) u l , vl) and
((1&kh) ur , vr) can not be connected by two waves S1 and S2 because
(1&kh) ur(1&kh) u l for kh<1 and u is decreasing along the shock
curve S1 and S2 in phase plane (see [11]). Then ((1&kh) ul , vl) and
((1&kh) ur , vr) can be connected by R1 and R2 , or R1 and S2 , or S1 and
R2 . If ((1&kh) ul , vl) and ((1&kh) ur , vr) are connected by R1 and R2 ,
since uru l , it is easy to check in (w, z) plane that
L(((1&kh) ul , vl), ((1&kh) ur , vr)))=L((ul , v l), (ur&kh(ur&u l), vr)).
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Since ur>ul , it is easy to show
L((ul , vl), (ur&kh(ur&ul)))L((ul , vl), (ur , vr)),
according to the property of the rarefaction wave curve in (w, z) plane.
In the case when ((1&kh) ul , vl) and ((1&kh) ur , vr) are connected by
R1 and S2 , since v is increasing along R1 curve and S2 curve in (w, z)
plane, therefore
L(((1&kh) ul , vl), ((1&kh) ur , vr))
=m(vl)&m(vr)|m(vl)&m(v )|+|m(vr)&m(v )|
=L((ul , vl), (ur , vr)). (6.14)
(6.12) follows from (6.13) and the above argument. The case when
((1&kh) ul , vl) and ((1&kh) ur , vr) are connected by S1 and R2 can be
handled similarly.
In Case 5, there are two possibilities:
Subcase 5.1: there exists a unique state (u , v ) such that (ul , vl) is
connected to (u , v ) by a 1-shock S1 and (u , v ) is connected to (ur , vr) by a
2-shock S2 ;
Subcase 5.2: there exists a unique state (u , v ) such that (ul , vl) is
connected to (u , v ) by a 1-shock S1 and (u , v ) is connected to (ur , vr) by a
2-rarefaction wave R2 ;
In the following, we will use S &12 (u0 , v0) to denote the set of state, which,
as the left state, can be connected to the right state (u0 , v0) by a 2-shock
S2 . In the Subcase 5.1, (u , v ) and (um , vm) are all located on the curve
S &12 (ur , vr) in (w, z) plane. According to the property of the wave curve in
(w, z) plane (see [11]), we have
|m(v )&m(vl)||m(vm)&m(vl)|, |m(v )&m(vr)||m(vm)&m(vr)|.
(6.15)
Therefore
L((ul , vl), (ur , vr))L((ul , vl), (um , vm))+L((um , vm), (ur , vr)). (6.16)
On the other hand, it is known from [11] that the 1-shock curve
S1(w0 , z0) starting at the point (w0 , z0) (the set of all right state to which
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(w0 , z0) can be connected by a 1-shock S1), in (w, z) plane can be
expressed by
z0&z= g1(w0&w, v0), (6.17)
where 0g$1(%, v0)<1, 0g$1(%, v0), for %0 (the primes denote differen-
tiation with respect to the first argument). The similar result is valid for
S &12 (w0 , z0), i.e.
w&w0= g2(z&z0 , v0), (6.18)
where 0g$2(%, v0)<1, 0g$2(%, v0), for %0 (the primes denote differen-
tiation with respect to the first argument). Therefore, we can conclude that
the 1-shock curves S1 in (w, z) plane with the starting points on the
straight line v=const. (i.e. w&z=const.) have the same figure, i.e. inde-
pendent of the starting point. The same result is valid for the curve S &12 .
In the Subcase 5.1, since ulur , The above property of the shock curves
implies,
L((1&kh) ul , vl), ((1&kh) ur , vr))=L((u l&kh(ul&ur), vl), (ur , vr))
L((ul , vl), (ur , vr)).
(6.12) follows from (6.16) and (6.19).
In the Subcase 5.12, since v is decreasing along the 1-shock curve and the
2-rarefaction wave curve, then we get
L((ul , vl), (ur , vr))L((ul , vl), (um , vm))+L((um , vm), (ur , vr)). (6.19)
Just as the proof of Lemma 6.1, we can show that ((1&kh) ul , vl) and
((1&kh) ur , vr) are connected by S1 and R2 . Using the decreasing property
of v along S1 and R2 again, (6.12) follows from (6.20).
The proof of (6.12) for the Case 6 is similar, we omit the details. K
Now we verify that the interaction of R2 and R1 and the interaction of
R2 and S2 (R2 on the left of S2) satisfy the condition in Theorem 6.2. We
first check the case of the interaction of R2 and R1 as follows. We suppose
l is small enough, then in T0 , as in the proof of Lemma 6.1, the waves are
S1 R2 and R1S2 . In T1 , the waves are S1 R2 , S1 R2 and R1 S2 and R1 S2 .
Before the interaction of R2 and R1 , the waves in Tj are S1R2 ,
S1 R2 , ..., S1R2 , R1S2 , S1R2 , ..., S1R2 . Suppose R2 and R1 interact at Tj0 .
According to our analysis for the Case 4 in Lemma 6.2, the resulting waves
of the interaction of R2 and R1 are (I) R2R1  R1 R2 or (II) R2R1  S1R2
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or (III) R2R1  R1 S2 . In the Case (I), the wave pattern in Tj0+1 is the
same as that in Tj0 . In the Case (II), the wave pattern in Tj0+1 is S1R2 ,
S1 R2 , S1R2 , ..., i.e., every Riemann solution is S1R2 . This case can be
handled by the same argument as in the proof of Lemma 6.1. The case (III)
can be handled the same as case (II).
Now we verify that the interaction of R2 and S2 satisfy the condition in
Theorem 6.2. We suppose l is small enough, then in T0 , as in the proof of
Lemma 6.1, the waves are S1R2 and R1S2 . Then the above analysis for the
interaction of R2 and R1 can be used to handle this case similarly.
Remark 5. The case of the interaction of R2 and S2 when S2 is on the
left of R2 is quite different from the above cases. It is because the interac-
tion of S2 and S1 could happen for this case in the scheme, which is more
complicated. The study of this case is being pursed by the authors.
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